Some bounds on the injective chromatic number of graphs  by Doyon, Alain et al.
Discrete Mathematics 310 (2010) 585–590
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
Some bounds on the injective chromatic number of graphs
Alain Doyon a, Geňa Hahn a,∗, André Raspaud b
a Département d’informatique et de recherche opérationnelle, Université de Montréal, C.P. 6128, succursale Centre-ville, Montréal, Québec, H3C 3J7, Canada
b Laboratoire de recherche en informatique, Université de Bordeaux, France
a r t i c l e i n f o
Article history:
Received 2 June 2007
Accepted 23 April 2009
Available online 17 May 2009
Keywords:
Vertex colouring
Chromatic number
Injective
Hypercube
a b s t r a c t
We give some bounds on the injective chromatic number.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction, notation and terminology
The injective chromatic number of a graph was first defined as such in [3] even though it had been studied in
several different guises and contexts before, albeit sometimes not in general; see [3] for more. Apart from various other
considerations, the same paper also gives some general bounds and necessary and sufficient conditions for a regular graph
to have the injective chromatic number equal to its degree. This paper looks at the problem under some conditions on the
maximum average degree.
Our graphs are finite and simple (see [1] for undefined terms) and we will be colouring their vertices with nonnegative
integers. Let G = (V (G), E(G)) be a graph. A vertex colouring (or, simply, a colouring) of G is a function c : V (G) −→ N (here,
0 ∈ N). A vertex k-colouring is a function c : V (G) −→ [k], with [k] = {0, 1, . . . , k− 1}. We say that a colouring of a graph
is injective if its restriction to the neighbourhood of any vertex is injective. The injective chromatic number χi(G) of a graph
G is the least k such that there is an injective k-colouring. Clearly ∆(G) ≤ χi(G) ≤ |V (G)| (as usual, ∆(G) is the maximum
degree of a vertex of G). For (frequent) future reference, recall that, given a graph G and vertices u, v ∈ V (G), the graphs
G− u and G− uv are obtained from G, respectively, by removing u and all edges incident with it, or the edge uv, if it exists.
An obvious alternate way of looking at the injective chromatic number of a graph G is to consider the common neighbour
graph G(2) of G defined by V (G(2)) = V (G) and E(G(2)) = {[u, v] : there is a path of length 2 in G joining u and v}. Then
χi(G) = χ(G(2)). Other, related, colourings can be defined; again, see [3]. For easier comprehension consider the almost
trivial results on the injective chromatic number of, for example, the complete graph, the path, the cycle and the star.
The maximum average degree is a well used tool and is defined as MAD(G) = max{ 2|E(H)||V (H)| : H is a subgraph of G}. The
degree of a vertex uwill be denoted by deg(u).
Note that themaximum average degree of a graph can be computed in polynomial time by using theMatroid Partitioning
Algorithm due to Edmonds [2,5].
∗ Corresponding author.
E-mail addresses: doyonala@iro.umontreal.ca, doyon@cs.mcgill.ca (A. Doyon), hahn@iro.umontreal.ca (G. Hahn), raspaud@labri.fr (A. Raspaud).
0012-365X/$ – see front matter© 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2009.04.020
586 A. Doyon et al. / Discrete Mathematics 310 (2010) 585–590
Our main result in this paper is the following.
Theorem 1. (1) If G is a graph withMAD(G) < 145 then χi(G) ≤ ∆(G)+ 3.
(2) If G is a graph withMAD(G) < 3 then χi(G) ≤ ∆(G)+ 4.
(3) If G is a graph withMAD(G) < 103 then χi(G) ≤ ∆(G)+ 8.
2. Basic known results
Let us recall a few results and observations from [3]. We collect them in a lemma.
Lemma 2. Let G be a graph.
(1) If G is d-regular and if χi(G) = d then d divides |V (G)|.
(2) If G is connected and not K2 then χ(G) ≤ χi(G).
(3) If G has diameter 2 and independence number α then χi(G) ≥ α.
(4) χi(G) ≤ ∆(∆− 1)+ 1.
(5) The bounds of 3 and 4 can be attained simultaneously.
In the special case of the hypercube – which motivated [3] – we have slightly more, even though the value of χi(Qn) is
elusive in general.
Theorem 3. Let Qn be the hypercube of dimension n.
(1) χi(Qn) = n if and only if n is a power of 2.
(2) χi(Qn) ≤ 2n− 2.
(3) χi(Q2m−j) = 2m for 0 ≤ j ≤ 3.
(4) χi(Q2n+1) ≤ 2χi(Qn+1).
Surprising as itmay seem, this is (almost) the extent of current knowledge of the parameter. The little extra that is known
concerns a connection to linear codes, NP-completeness of the problem Given G and an integer k, is χi(G) ≤ k? even if k is
fixed, and some results on extremal graphs; see [3].
In this paper we give a few general upper bounds, in each case with an assumption on the maximum average degree of
the graph.
3. Proof of the theorem
Let us first get rid of the simplest and uninteresting cases. Consider a graph G with maximum degree∆. If∆ = 1, G is a
disjoint union of independent edges (a matching) and isolated vertices and so χi(G) = 1. If ∆ = 2, G is a disjoint union of
cycles, paths and isolated vertices and so χi(G) ≤ 3. This is slightly less obvious but easy. A path x0 . . . xn−1 can be coloured
by c defined by c(xi) = b i−12 c(mod 2); that is, starting with x1, x2, successive pairs are alternately coloured 0 or 1. A similar
strategy works for cycles, but the number of colours will depend on the congruence modulo 4 of the number of vertices:
χi(Cn) = 2 if n ≡ 0(mod 4), χi(Cn) = 3 otherwise, as the reader can easily verify. We can, and will, therefore assume that
∆(G) ≥ 3.
We need a few more definitions and some notation. Let G be a graph and u ∈ V (G). Define N2G(u) = ∪v∈N(u) N(v) \ {u}
and deg2G(u) = |N2G(u)| (we will omit the subscript when it is clear from the context). Let c : V (G) −→ [k] be a colouring
of V (G) and define F cG(u) = {c(x) : x ∈ N2G(u)} and C cG(u) = [k] \ F cG(u) (here we might also forget the subscript or the
superscript if they are clear from the context). The colours in F cG(u) are forbidden at uwhile those in C
c
G(u) are available at u.
Clearly |F cG(u)| ≤ deg2(u).
Assume for the moment that G is triangle-free. Let now uv ∈ E(G) and assume that c : V (G) −→ [k] is an injective
colouring of G− uv. Assume further that neither C cG(u) nor C cG(v) is empty (note that two graphs, G and G− uv, are at play
here, with a common colouring c). Then cˆ : V (G) −→ [k] defined by cˆ(x) = c(x) if x 6∈ {u, v} and cˆ(x) ∈ C cG(x) if
x ∈ {u, v} is an injective colouring of G with the same number of colours. In particular, if c is a χi(G − uv)-colouring of
G− uv, χi(G) = χi(G− uv). We call the pair (u, v) recolourable with respect to c if cˆ can be defined as above; that is, if both
C cG(u) and C
c
G(v) are non-empty and c is injective on G − uv. We call the pair (u, v) recolourable if it is recolourable with
respect to any injective colouring of G− uv.
Consider now a graph Gwith triangles. Let u and v be adjacent vertices of G. Then N(u)∩N(v) ⊆ N2(u),N2(v) and so if c is
an injective k-colouring of G as above, the colours forbidden at u include those of its neighbours common with v (similarly
for v). In particular, u ∈ N2(v) and vice versa. Thus the above discussion applies equally to graphs with triangles.
A graph G is k-critical if χi(G) = k but χi(G − uv) < k for any edge uv of G and χi(G − u) < χi(G) for any vertex
u of v. When the value of k is not important, we will call the graph χi-critical. It is easy to see that if G is χi-critical then
χi(G−uv) = χi(G)−1 for any edge uv of G. Indeed, any injective colouring of G−uv with k−1 colours can be extended to
an injective colouring of Gwith k colours simply by giving the vertices u and v the same new colour. On the other hand, for
a vertex u of G, χi(G− u) and χi(G) can be arbitrarily far apart. Let k ∈ N and consider the graph Gk consisting of k triangles
on vertex sets {u, ui, vi}, u a fixed common vertex, i = 1, . . . , k. Then χi(Gk) = 2k+ 1 while χi(G− u) = 1.
It is easy to see that the only χi-critical graphs with ∆(G) = 2 are the cycles of length n 6≡ 0(mod 4) and the path of
length 3. This follows from the fact that, for a cycle Cn, χi(Cn) = 2 if and only if n ≡ 0(mod 4) and the fact that χi(Pn) = 2
A. Doyon et al. / Discrete Mathematics 310 (2010) 585–590 587
for n > 2, as mentioned previously. It is obvious that there are no χi-critical graphs with ∆(G) ≤ 1. We may, therefore,
assume for the rest of the paper that χi(G) ≥ 3, as is also evident from the assumption that∆(G) ≥ 3.
The following simple observations are some of those elevated to the status of lemmas because of their usefulness.
Lemma 4. If G is χi-critical, it has no recolourable pairs.
Lemma 5. Let G be a χi-critical graph. Then χi(G) > ∆(G).
Proof. Suppose to the contrary that χi(G) = ∆(G). Then, for any u ∈ V (G), ∆(G − u) < ∆(G). Thus every vertex of G is
adjacent to all the vertices of maximum degree, which implies that G is a complete graph. But χi(Kn) = n > ∆(Kn) for all
n > 1 and, in particular, for n > 3. 
This lemma suggests that we consider graphs Gwith χi(G) = ∆(G)+ t , t ∈ N \ {0}.
Lemma 6. In a χi-critical graph the minimum degree is at least 2.
Proof. Suppose that there is an edge uv in Gwith deg(u) = 1. Then the pair (u, v) is recolourable. 
Lemma 7. Let G be a χi-critical graph and let u ∈ V (G) be a vertex with deg2(u) < χi(G) − 1. Then for every v ∈ N(u),
deg2(v) ≥ χi(G)− 1.
Proof. If there is a vertex v ∈ N(u) with deg2(v) < χi(G), the pair (u, v) is recolourable with respect to any injective
colouring of G− uv. 
Lemma 8. Let t ∈ N, t > 0, and let G be a (∆(G)+ t)-critical graph.
(1) If uvz is a simple path in G with deg(u) = 2, deg(v) = 3. Then deg(z) ≥ t.
(2) A vertex of degree d ≤ t has at least two neighbours of degree at least 3.
Proof. (1) If deg(z) ≤ t then (u, v) is recolourable.
(2) Let u be a vertex with deg(u) ≤ t + 1 with only one neighbour, say w, of degree possibly greater than 2. Then for any
v ∈ N(u) \ {w}, the pair (u, v) is recolourable. 
From Lemma 8(2) we have the following simple corollary that will be used in the proofs of our theorems.
Corollary 9. Let G be a (∆(G)+ t)-critical graph, t ≥ 2. Then both neighbours of a vertex of degree 2 have degree at least 3.
The propositions that follow are all of the same form: If MAD(G) ≤ x then χi(G) ≤ ∆(G) + t with x a real and t a
natural number. The proofs also follow the same pattern: since a minimal counterexample is χi-critical, we show that if the
conclusion does not hold for a χi-critical graph G, there is a discharging procedure that leads to a contradiction.
Discharging procedure. Let G be a graph and let w : V (G) −→ R be a weight function. Let P,Q ⊆ V (G) be properties of
vertices of G. A discharging procedure is a set of rules of the form ‘‘A vertex satisfying a property P gives xPQ ∈ R to each
vertex satisfying a property Q’’. We can thus define, for each vertex u ∈ P , the set D(u) = N(u) ∩ Q and set D(u) = ∅ if
u 6∈ P . We then let d(u, v) = xPQ if v ∈ D(u). With this, we can definew′ : V (G) −→ R by
w′(u) = w(u)−
∑
v∈D(u)
d(u, v)+
∑
u∈D(v)
d(v, u)
and say that the discharging procedure definesw′.
The following observation will be used implicitly throughout.
Observation 1. Let G be a graph and let uv be an edge of G. Let G′ = G−uv be the graph obtained from G by removing the edge
uv from E(G). ThenMAD(G′) ≤ MAD(G) and χi(G′) ≤ χi(G).
Lemma 10. Let G be a (∆(G)+ 4)-critical graph. It has the following properties.
(1) A vertex of degree 4 has at most two neighbours of degree 2.
(2) A vertex of degree 4 cannot have two neighbours of degree 2 and two neighbours of degree 3.
Proof. Both follow easily from the proof of Lemma 8(2). 
Now we prove the first part of Theorem 1:
Proposition 11. Let G be a graph withMAD(G) < 145 then χi(G) ≤ ∆(G)+ 3.
Proof. Consider a (∆(G) + 4)-critical graph G. Let w : V (G) −→ R be a charge function defined by w(u) = deg(u) for
each u ∈ V (G). We claim that the following discharging procedure defines w′ such that w′(u) ≥ 145 for each u ∈ V (G) and∑
u∈V (G)w(u) =
∑
u∈V (G)w′(u).
• If uv ∈ E(G) and deg(u) = 2, deg(v) ≥ 3, v gives 25 to u.• If uv ∈ E(G) and deg(u) = 3, deg(v) ≥ 4, v gives 110 to u.
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By Corollary 9, a vertex u of degree 2 has w′(u) = 2 + 2 25 = 145 . By Lemma 8(2), a vertex u of degree 3 has at most
one neighbour of degree 2 and so w′(u) ≥ 3 − 25 + 2 · 110 = 145 . Let u be a vertex of degree 4. By Lemma 10(1) and (2),
if u has two neighbours of degree 2, it has at most one neighbour of degree 3, and then w′(u) ≥ 4 − 2 · 25 − 110 > 145 .
If u has fewer than two neighbours of degree 2, w′(u) ≥ 4 − 3 · 110 > 145 . Finally, if u is of degree at least 5 then
w′(u) ≥ deg(u)− deg(u) · 25 ≥ deg(u) · 35 > 3. Hencew′(u) ≥ 145 for every u ∈ V (G) and so MAD(G) ≥ 145 .
We conclude that if G is a (∆(G)+ 4)-critical graph, MAD(G) ≥ 145 . This proves the theorem. 
Lemma 12. Let G be a (∆(G)+ 5)-critical graph. It has the following properties.
(1) A vertex u of degree 3 with a neighbour v of degree 2 has the other neighbours of degree at least 5.
(2) A vertex of degree 4 has at most two neighbours of degree 2.
(3) A vertex of degree 4 with 2 neighbours of degree 2 cannot have a neighbour of degree 3.
(4) A vertex of degree 5 has at most four neighbours of degree 2.
(5) A vertex of degree 5 with four neighbours of degree 2 cannot have a neighbour of degree 3.
Proof. (1) This follows easily from Lemma 8(1).
(2) If not, let uv, uw, uz ∈ E(G) be such that deg(u) = 4, deg(v) = deg(w) = deg(z) = 2. Then the pair (u, v) is
recolourable.
(3) If not, let uv, uw, uz,∈ E(G), deg(u) = 4, deg(v) = deg(w) = 2 and deg(z) = 3. Then (u, v) is a recolourable pair.
(4) Otherwise let uv, uw, ux, uy, uz ∈ E(G) with deg(u) = 5, deg(v) = deg(w) = deg(x) = deg(y) = deg(z) = 2. The
pair (u, v) is then recolourable.
(5) Otherwise let uv, uw, ux, uy, uz ∈ E(G) with deg(u) = 5, deg(v) = deg(w) = deg(x) = deg(y) = 2 and deg(z) = 3.
The pair (u, v) is then recolourable. 
Now we prove the second part of Theorem 1
Proposition 13. Let G be a graph withMAD(G) < 3 then χi(G) ≤ ∆(G)+ 4.
Proof. Consider a (∆(G)+ 5)-critical graph G. Letw : V (G) −→ R be a charge function defined byw(u) = deg(u) for each
u ∈ V (G). The discharging procedure we use to definew′ is this.
• If uv ∈ E(G) and deg(v) = 2, deg(u) ≥ 3, u gives 12 to v.• If uvw is a simple path in G such that deg(u) ≥ 4, deg(v) = 3, deg(w) = 2, u gives 14 to v.
We claim thatw′(u) ≥ 3 for each u ∈ V (G).
• It follows from Corollary 9 that a vertex uwith deg(u) = 2 hasw′(u) = 2+ 2 · 12 = 3.• From Lemma 12(1) we have that a vertex u of degree 3 has w′(u) = w(u) for either it has a neighbour of degree 2 and
thenw′(u) = 3− 12 + 2 · 14 = 3, or it does not, in which case its weight does not decrease.• From Lemma 12(2) and (3) we obtain that a vertex u of degree 4 hasw′(u) ≥ 4− 2 · 12 = 3 if it has a neighbour of degree
2 andw′(u) ≥ 4− 4 · 14 = 3 if it has none.• From Lemma 12(4) and (5) we get that if u has degree 5 thenw′(u) = 5− 4 · 12 = 3 if it has four neighbours of degree 2
andw′(u) ≥ 5− 3 · 12 − 2 · 14 = 3 otherwise.• Finally, for a vertex u of degree at least 6,w′(u) ≥ deg(u)− deg(u) · 12 ≥ 3.
This proves the claim.
Thus MAD(G) ≥ 3 for a (∆(G)+ 5)-critical graph and the proof of the theorem is complete. 
Lemma 14. Let G be a (∆(G)+ 9)-critical graph. It has the following properties.
(1) A vertex u of degree 3 with a neighbour v of degree 2 has the other neighbours of degree at least 9.
(2) At least one of any pair of adjacent vertices of degree 3 has both other neighbours of degree at least 8.
(3) A vertex of degree 4 with two neighbours of degree 2 has the other neighbours of degree at least 8.
(4) A vertex of degree 4 with one neighbour of degree 2 and one neighbour of degree 3 has the other neighbours of degree at
least 7.
(5) A vertex of degree 5 with three neighbours of degree 2 has two neighbours of degree at least 7.
(6) A vertex of degree 6 with four neighbours of degree 2 has two neighbours of degree at least 6.
(7) A vertex of degree 7, 8 or 9 has at least two neighbours of degree at least 3.
Proof. Proofs are similar to those of Lemma 12 and, as there, are done by simple counting and using Lemma 7. 
Now we prove the third part of Theorem 1
Proposition 15. Let G be a graph withMAD(G) < 103 then χi(G) ≤ ∆(G)+ 8.
Proof. Consider a (∆(G)+9)-critical graphG. As before, letw : V (G) −→ R be a charge function defined byw(u) = deg(u)
for each u ∈ V (G). The discharging procedure is as follows. Let u and v be two adjacent vertices of G.
(1) If deg(v) = 2 and deg(u) ≥ 3, u gives 23 to v.
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(2) If deg(v) = 3, deg(u) ≥ 3, and the other neighbours of u have degree at least 8, u gives 19 to v.
(3) If deg(v) = 3 and deg(u) ∈ {4, 5, 6, 7}, u gives 19 to v.
(4) If deg(v) = 4 and deg(u) = 7, u gives 118 to v.
(5) If deg(v) = 5 and deg(u) ≥ 7, u gives 16 to v.
(6) If deg(v) = 3 and deg(u) = 8, u gives 29 to v.
(7) If deg(v) = 4 and deg(u) ≥ 8, u gives 13 to v.
(8) If deg(v) = 3 and deg(u) ≥ 9, u gives 12 to v.
We now check that w′(u) ≥ 103 for all u ∈ V (G). Understandably, we do not consider vertices that have degree at least 4
and do not give any charge to their neighbours for their new charge is clearly more than 103 .
(1) If u is of degree 2, it has only neighbours of degree 3 ormore, by Corollary 9, and rule (1) applies. Thusw′(u) = 2+2· 23 =
10
3 .
(2) If deg(u) = 3, we have several cases.
If u has a neighbour of degree 2, it only has neighbours of degree at least 9, by Lemma 14(1). The rules 1 and 8 apply,
andw′(u) = 3+ 2 · 12 − 23 = 103 .
If a neighbour x of u is of degree 3, one of the two, say u, has the other neighbours of degree at least 8. Hence, with rule
6,w′(u) = 3+ 2 · 29 − 19 = 103 and, with rules 2 and 3w′(x) = 3+ 3 · 19 = 103 .
If u only has neighbours of degree at least 4,w′(u) ≥ 3+ 3 · 19 = 103 , with rule 3.
(3) If deg(u) = 4, it may have two neighbours of degree 2, in which case the remaining neighbours have degree at least 8,
by Lemma 14(3). In this case rules 1 and 7 apply andw′(u) = 4+ 2 · 13 − 2 · 23 = 103 .
If u has a neighbour of degree 2 and a neighbour of degree 3, its remaining neighbours have degree at least 7, by
Lemma 14(4), and sow′(u) ≥ 4+ 2 · 118 − 23 − 19 = 103 using rules 4, 7, 1 and 2.
(4) If deg(u) = 5 and u has three neighbours of degree 2, it has the remaining neighbours of degree at least 7, by
Lemma 14(5). The rules 1 and 5 apply and w′(u) = 5 + 2 · 16 − 3 · 23 = 103 . In all other cases the charge remains
at least 103 .
(5) If deg(u) = 6 and if u has four neighbours of degree 2, it has the other neighbours of degree at least 6, by Lemma 14(6).
Using rule 1,w′(u) = 6− 4 · 23 = 103 . In all other cases the charge remains at least 103 .
(6) If deg(u) = d ∈ {7, 8, 9} then it has at least two neighbours of degree at least 3, by Lemma 14(7). Thus w′(u) ≥
d− (d− 2) 23 + 2 · 19 ≥ 103 .
This concludes the proof. 
We can apply our results to planar graphs by using the following well known observation based on the Euler’s formula.
Observation 2. If G is a planar graph with girth g, thenMAD(G) < 2gg−2 .
Corollary 16. Let G be a planar graph
(1) If g(G) ≥ 7 then χi(G) ≤ ∆(G)+ 3.
(2) If g(G) ≥ 6 then χi(G) ≤ ∆(G)+ 4.
(3) If g(G) ≥ 5 then χi(G) ≤ ∆(G)+ 8.
Lužar, Škrekovski, Tancer [4], having seen a preprint of this paper, improved the Corollary as follows.
Theorem 17. Let G be a planar graph
(1) If g(G) ≥ 19 then χi(G) = ∆(G),∆ ≥ 4
(2) If g(G) ≥ 10 then χi(G) ≤ ∆(G)+ 1,∆ ≥ 4
(3) If g(G) ≥ 5 then χi(G) ≤ ∆(G)+ 4,∆ ≥ 139.
Remark 18. The second authorwould like to point out twomisprints in [3]. The first is the claim in page 4 thatχ(G) = χi(G)
for the graph obtained from C6t by adding the main diagonals. The correct example is C6t+1 for t ≡ 1(mod 3); there are
others. The second error is the claim on page 5 that the diameter of the incidence graph of the projective plane is 2 (it is 3).
This, however, does not falsify the rest of the observations.
Acknowledgements
The research of the second author was partially supported by the National Science and Engineering Council of Canada
(NSERC) andby theUniversity of Bordeauxwhere someof theworkwas donewhile visiting the third author. The third author
acknowledges the support of the Consulate of France in Quebec and the Ministry of International Relations of Quebec. The
first author was supported by a Summer Research Scholarship from NSERC held at the University of Montreal.
590 A. Doyon et al. / Discrete Mathematics 310 (2010) 585–590
References
[1] J.A. Bondy, U.S.R. Murty, Graph Theory with Applications, Macmillan, London, 1976.
[2] J.R. Edmonds, Minimum partition of a matroid into independent subsets, J. Res, Nat. Bur. Standards 69B (1965) 67–72.
[3] G. Hahn, J. Kratochvíl, D. Sotteau, J. Širáň, On injective colourings, Discrete Math. 256 (2002) 179–192.
[4] B. Lužar, R. Škrekovski, M. Tancer, Injective colorings of planar graphs with few colors, manuscript, 2006.
[5] E.R. Sheinermann, D.H. Ullman, Fractional Graph Theory: A Rational Approach to the Theory of Graphs, in: Wiley-Interscience Series, Wiley & Sons,
Inc., 1997.
